We study a polynomial which contains, as special cases, the Tutte polynomials of all members of a given homeomorphism class of graphs. We further show that this polynomial can be directly derived from the chain polynomial introduced in [1] .
Preliminaries
Consider a multigraph M (possibly with loops) whose edges are labeled a; b; c; : : : ; and associate with these edges non-negative integers n a ; n b ; n c ; : : : . As in [1] this edge-labeled multigraph will represent the graph G obtained from M by replacing a by a chain of n a edges in series, and so on. We shall ÿnd the Tutte polynomial of any such graph.
The Tutte polynomial of a connected graph G, denoted (G; x; y), or just (G), is deÿned by the following statements: T1. If G is a single loop, then (G) = y. T2. If G is K 2 then (G) = x. T3. If G consists of two graphs, G 1 and G 2 , with exactly one vertex in common, then (G) = (G 1 ) (G 2 ) T4. If u is an edge of G which is not a loop or a bridge, then (G) = (H ) + (K) where H is the graph obtained from G by deleting the edge u and K is the graph obtained from G by contracting the edge u, that is, by identifying in H the end-vertices of the former edge u. For more details on the Tutte polynomial see [2, 3] .
From now on "graph" will mean a chain graph (a multigraph with edges labeled as above) unless otherwise stated. We shall need to consider the operations of "deletion" and "contraction" in such a graph. The deletion of a chain a with ends P and Q in a chain graph will correspond to the deletion of all the n a edges between P and Q in the original graph. Note, however, that in order to prove Theorem 1 below, we proceed by considering these edges one by one. By contracting a chain in G we mean deleting it, as above, and then identifying the vertices P and Q. If the chain in question is a loop then the operations of deletion and contraction will yield the same graph. Note that, in the case of a loop, contraction does not reduce the number of vertices-a fact which has to be compensated for in Theorem 1, which we now state.
Theorem 1.
If v is a chain of G with end-vertices P and Q; then
where H and K are obtained from G by deleting and contracting (respectively) the chain v; and where Á is y − 1 if v is a loop chain (i.e. if P and Q are the same vertex) and is 1 otherwise.
(We shall assume, for the moment, that G is connected).
Proof. If v is any chain in G having more than one edge then, by T4 with u as one of the edges in v we have
where these diagrams stand for the Tutte polynomials of the graphs in question. The ÿrst term on the right-hand side, by T1 and T3, is x n −1 (H ), while the second is similar to the original G but with the chain PQ shortened by one edge. Continuing in this way until all but one of the edges of v have been contracted, we see that
If v is not a loop or a bridge we can take this process one stage further and obtain
which reduces to the result of the theorem. If v is a loop then the second graph on the right-hand side of (1.3) is K (which is now the same as H ) with a loop at the vertex P (which is the same as Q). Thus we have
which can be rewritten as
using the fact that (H ) = (K). Again we have the result of the theorem. If v is a bridge its deletion will give a disconnected graph, so we must consider the Tutte polynomials of disconnected graphs. If G is any connected graph (not a chain graph) having a (single edge) bridge joining two graphs G 1 and G 2 then, if T4 is to hold, we must have The Tutte polynomial of the graph on the left-hand side is x (G 1 ) (G 2 ) while that of the second graph on the right-hand side is (G 1 ) (G 2 ). It follows that the Tutte polynomial of the other graph on the right-hand side, having two components G 1 and G 2 , is (x − 1) (G 1 ) (G 2 ).
Extending this result in an obvious way we obtain the following result: T5. The Tutte polynomial of a graph having k components is (x − 1) k−1 times the product of the Tutte polynomials of its components. It follows that if v is a (chain) bridge of G joining two graphs G 1 and G 2 then, by T3
as required. This completes the proof of Theorem 1.
The reduction of G
In [1] we derived a "chain polynomial" Ch(G), which gives the chromatic polynomial of any graph obtained from the chain graph G, with general chain lengths n a ; n b ; : : : . The purpose of this section is to derive an equation which expresses the Tutte polynomial of G in terms of this chain polynomial.
Given a chain graph G, apply (1.1) successively with each chain in turn. If there are q chains this will express (G) as the sum of 2 q terms. Each term will correspond to a set D of chains that were deleted, and the complementary set S of chains that were contracted. We can therefore write
where G D is the graph obtained from G by deleting the chains in D and contracting those in S, and L is the number of times that a loop has been contracted. If, in G, we delete the chains in D we obtain the graph S induced by the chains in S. If S has k S components then contracting its chains gives the graph G D , which therefore consists of k S isolated vertices. Hence, by T5, (
kS −1 . Now the number L of loops contracted is the cyclomatic number of S , namely |S| − p + k S , p being the number of vertices in G, not counting those interior to a chain. (This is the same number as those in S .) We can therefore write (2.1) as
Here q is the number of chains in G. Clearly |D| + |S| = q. Now the occurrences of x in the summation in (2.2) are of two kinds. There are those arising from the product over m in D; each such x is raised to the power of a chain length (or, if we combine terms, to the power of a sum of chain lengths). The others arise from the powers of (x − 1)(y − 1) and do not involve the chain lengths. Provided we do not assign any speciÿc chain lengths these two kinds of occurrence are distinct, and it will be convenient to keep them separate. To this end we shall replace x − 1 by and y − 1 by ÿ, writing (2.2) as
If U is any subset of chains there will be a term in the summation in (2.3) containing x to the power of the sum of the chain lengths of the chains in U . In [1] this power was denoted (U ). We shall now ÿnd the coe cient of this power of x. We have
Extracting the coe cient of x (U ) we ÿnd that it is
F(Y; ÿ) is, by deÿnition, the ow polynomial of the graph induced by Y , with the usual variable replaced by ÿ. These coe cients are therefore directly related to those occurring in the chain polynomial, Ch(G), of G, which was deÿned in [1] as
In previous work it has been customary to express these coe cients-the ow polynomials-as functions of ! and also to use an abbreviated notation in which, for example, a stands for x na . Hence we arrive at Theorem 2. (G; x; y) = 1 (x − 1) q−p+1 Ch(G; x + y − xy).
In other words, the Tutte polynomial of G can be derived from the chain polynomial of G by the following procedure:
In the coe cients of the monomials in a; b; c; : : : replace by ÿ, that is replace ! by 1 − ÿ = x + y − xy. Then divide by (x − 1) q−p+1 . The result is the Tutte polynomial, with the understanding that a; b; c; : : : now stand for x na ; x n b ; x nc etc.
Note. We assumed, for convenience, that G was connected; but it is a simple matter, using T5, to show that Theorem 2 holds also if G is disconnected.
